The difficulties associated with the appraisal of the determinacy properties of a three-dimensional system are circumvented by the introduction of a new geometrical argument. It first brings about a complete and easy-touse typology of the eigenvalues moduli in discrete time three-dimensional dynamical systems and then provides a new apparatus for assessing from a geometrical standpoint the emergence of local bifurcations. The argument is first illustrated in an environment where outward-looking comparison utility may question the determinacy of the steady state and subsequently used within a competitive equilibrium where uniqueness reveals as being intimately related to the degree of hetereogeneity amongst the agents.
Introduction
The characterisation of the local behaviour of a three-dimensional discrete time dynamical system in the neighbourhood of a steady state position gives rise to a range of specific difficulties which are currently circumvented by the introduction of a new geometrical argument. It then provides a new apparatus for assessing from a geometrical standpoint the emergence of local bifurcations in three-dimensional dynamical systems. The argument is first illustrated in an environment where mimetic effects w.r.t. society's past consumption may question the local uniqueness of the equilibrium and subsequently used to study a model with heterogeneous agents and financial constraints.
As they reconsider an augmented version of the Woodford [] framework, Grandmont, Pintus & de Vilder [] have introduced a tractable geometrical way of assessing the bifurcation set of dynamical systems of order two. The interest of such an approach for economic theory is essentially that it proceeds from the consideration of meaningful parameters and then allows for a careful description and a transparent picture of the way the properties of the economy are transformed when a given parameter, e.g., the elasticity of substitution between the inputs, is moved. The essential limit of this approach was that it was fundamentally anchored on a dimensionality of two for the dynamical system: higher orders formulations could not be appraised by such a method.
It will be argued that the key-feature that underlies the simplicity of the twodimensional analysis is entirely recovered in spite of the extra dimension of the embedding environment.
The usefulness of such an approach is first illustrated through the analysis of a variation on the basic Ramsey [] of the society's current choices (see Gali [] ). 1 The Catching-up with the Joneses form of the comparison utility has been recently introduced into the endogenous growth literature by Caroll, Overland & Weil [] (see also AlonsoCarrera, Caballé & Raurich [] and Alvarez-Cuadrado, Monteiro & Turnovsky [] ). From our viewpoint, the noticeable conclusion reached by these authors is that the introduction of a lagged external consumption benchmark does not question the saddle-path stability property of the long-run equilibrium. The graphical methods developed in the first part of the article allows to evaluate whether and to what extent such a conclusion relies upon the functional specifications they employ and the assumptions they retain. The mains conclusions are the following. As long as the influence of the lagged value of consumption remains moderate the steady state is saddle-point stable. Rising the role of the lagged value of consumption does first not question this result. Interestingly, a further increase will translate into the possibility of a more dramatic change where the steady state becomes unstable and, in correlation, quasiperiodic orbits emerge. The Catching-up with the Joneses utility is indeed a desire, even with a lag, to be similar to others. However, the eventuality that consumers exhibit the desire to be different from others can not a priori be dismissed. This observation has led Dupor & Liu [] to consider utilities displaying Running-away from the Joneses (as a counterpart of Keeping-up with the Joneses). While, as mentioned, Catching-up with the Joneses has been the focus of some recent research in the growth literature, the Runningaway from the Joneses counterpart has not been explored yet. The striking result is that in opposition to the Catching-up case, and even if the influence of the consumption benchmark remains limited, the desire to run-away from the Joneses gives rise, beside to deterministic (quasi)-periodic equilibria, to local indeterminacy, hence stochastic expectations-driven fluctuations.
This contribution is finally concerned with the properties of a monetary economy with heterogeneous households and financial constraints. The key role of heterogeneity in the emergence of endogenous fluctuations has been identified quite early with the contributions of Grandmont [] in an overlapping generations environment. Alternative heterogeneity arguments that hinge upon more canonical infinitely-lived agents and borrowing constraints have been suggested by Bewley [] and Woodford [] . Recent developments have provided extensions of the Woodford [] environment, enlighten its richness and raised the new dimensions it brings with respect to the standard Ramsey representative agent structure. In particular, Grandmont, Pintus & de Vilder [] have relaxed the complementarity dimension of the technological set of Woodford [] and raised the role of factors substitutability in the occurrence of endogenous fluctuations. Taking advantage of the recent literature on increasing returns which was motivated by the publication of Benhabib & Farmer [] , Cazzavillan, Lloyd-Braga & Pintus [] have illustrated how the consideration of external effects could improve upon the close link between low orders for inputs substitutability and endogeneous cycles that was raised by Grandmont, Pintus & de Vilder [4] . Subsequently, Barinci [] has relaxed another facet of the Woodford [] framework, i.e., the postulate of an unitary elasticity of intertemporal substitutions for the capital-holder. It is notably shown that, even though there are constant returns to scale in production, low elasticities of substitution between capital and labor are not required in order for endogenous cycles to occur. However, due to the analytical intricacy, this finding has been obtained in a baseline specification. The graphical methods offer the opportunity to readily establish its robustness and, in addition, to get a clearer picture of the local dynamics. Briefly, the remarkable result is that, when the labor supply is sufficiently elastic, the model can exhibit two degrees of indeterminacy even in a Cobb-Douglas specification for the technology.
The geometrical techniques are introduced in Section 2. Section 3 deals with the comparison utility model, the heterogenous households one being examined in Section 4. Some technical details are provided in a final appendix. 
A Geometric Picture for the Critical Loci
Letting the equilibrium dynamics of an economy be described by a system:
+ , steady states equilibria are the roots ofȳ − G(ȳ) = 0. The characterisation of the local dynamics nearby a given steady equilibrium proceed from the appraisal of an associated linear map z t+1 = Jz t for J : = DG(ȳ) the Jacobian matrix of G(·) evaluated atȳ and z t : = y t −ȳ the deviation from the steady state. The eigenvalues of the matrix J are the zeroes of the following third degree polynomial:
for T , M and D that denote the trace, the sum of the principal minors of order two and the determinant of the Jacobian matrix, respectively.
The locus such that the coefficients T , M , D satisfy P(+) =  -generically, a saddle-node bifurcation 2 will occur in its neighbourhood and the uniqueness properties of the steady state will be lost -is a plane whose characteristic equation is given by :
Similarly, the locus such that the coefficients T , M , D satisfy P(−) =  -generically, a flip bifurcation 3 will occur in its neighbourhood and two-period cycles will emerge -is a plane whose characteristic equation is given by:
Lastly, when a pair of nonreal characteristic roots exhibiting an unitary norm emerges, the outstanding eigenvalue, e.g., z  , boils down to the product of the eigenvalues D. The latter thus becomes a characteristic root, i.e., P(D) = .
Solving, the characteristic polynomial restates as
, that in turn indicates -completing a standard analysis of the two-degree polynomial in square brackets -that the locus of coefficients T , M and D such that two roots are complex conjugate with unitary modulus is a surface -generically, a Poincaré-Hopf bifurcation will occur and quasiperiodic equilibria will emerge in its neighbourhood -delimited by |T −D| <  and defined from This gives rise to a construction familiar from the two-dimensional analysis,
As D is increased over R + and as this is illustrated on Figure 2 , the slopes of
essentially follows a translated counter-clockwise rotation. As a matter of fact, the parameterised coordinates of A D , B D and C D respectively list as: 
A Typology of the Eigenvalues
In order to reach the essence of the argument about the cardinality of stable eigenvalues, consider Figure 1 and the basic configuration for which D = .
As at least one eigenvalue is nil and hence exhibits a modulus that belongs to respect to the unit circle will be modified and the system falls in an area with two stable eigenvalues. Finally, a downward perturbation from any of these areas will eventually lead the system within a area that exhibits one modulus within the unit circle, all these conclusions being recovered from forthright applications of the Implicit Function Theorem, a detailed argument being provided in Appendix 1.
As illustrated by Figures 2 and 4 , the earlier assessment on stable eigenvalues will remain unmodified until the attainment of D =  and the already men- Figure 5 , the typology of the that corresponds to no modulus inside the unit circle.
Parameterised Economies
This subsection shall argue that Figures 4-7 provide a suitable device for undertaking a sensivity analysis in actual parameterised economies. Consider indeed a set of economies indexed by a parameter η ∈ ], +∞[ and further assume that the coefficient D is independent of that parameter. A set of parameterised economies being then symbolised by a parameterised family of triples (T (η), M (η), D), it will be established that the key-feature that underlies the simplicity of the two-dimensional analysis, i.e., an argument conducted over a given plane and based upon critical lines, is entirely recovered in spite of the The spanning of its interval by η generates a parameterised curve ∆ η that originates from ∆  . This curve becomes a parameterised half-line in the plane (T , M ) that is associated with a given value of D as soon as M (η)/T (η) is a constant, an assumption that is currently retained. 5 It is thus concluded that, under the assumption that D is independent of the parameter η, the quite complicated three-dimensional analysis exactly boils down to the twodimensional one, grounded upon a given plane plus three linear critical loci, up to the qualification that a multiplicity of configurations is to be considered according to whether 
for β ∈ ], ], c t and C t− respectively their positive rate of marginal impatience, their consumption at date t ≥  and the average consumption across all consumers at the previous date, u(·; C) being a continuous concave instantaneous utility function which maps R + into R, is of class C k , k ≥ , over R * + and satisfies the Inada conditions at the origin. Further, u c > , u cc <  for any c ∈ R * + . Besides, the Catching-up with the Joneses dimension of this formulation is ensured by letting u cC >  prevail, i.e., mimetism effects with respect to earlier consumption standards. In opposition to this, a Running-away from the Joneses dimension is ensured by the converse occurrence of u cC <  that translates the potential from a repulsive dimension from previous consumption standards.
The representative individual maximises his intertemporal utility function (6) subject to
for an aggregate production function
a continuous concave function which maps R + × R + into R + , is of class C  over R * + × R * + , homogeneous of degree one and satisfies the Inada conditions, the capital stock having been assumed to fully depreciate at each period of time. Finally, the componentK t features an external effect of the Romer type.
Letting L = , the first order conditions list, along a competitive equilibrium with externalities for which c t = C t and K t =K t at any t ≥ , as :
From Appendix 2, a linearisation around the steady state gives the following expressions for the coefficients of the characteristic polynomial:
that respectively depict the elasticity of substitution between capital and labour, the share of labour and the share of profits in total cost, the intertemporal elasticity of substitution in consumption and an outward looking comparison utility coefficients defined from the marginal utility on consumption.
At that stage, it is worth noticing that, retaining a multiplicative C.E.S.-type instantaneous utility, namely
boils the coefficient η E /η down to (σ c − 1)α/σ c . Retaining an additive "minimal consumption-type" specification, namely
would oppositely bring this coefficient to αC t− /c t , its steady state formulation simplifying to α. In parallel to this, η would simplify to σ c for both formulations. In order to provide a similarly simple benchmark, the coefficient η E /η shall henceforward uniformly be referred to as ς, Catching-up with the Joneses and Running-away from the Joneses configurations being thus respectively depicted by ς >  and ς < . Note however that introducing the consumption benchmark in the additive form ties up the concepts of Catchingup with the Joneses/Running-away from the Joneses and the formally related ones of jealousy/admiration that depict its first-order properties. As a matter of illustration, Catching-up with the Joneses would be associated with a negative consumption external effect, i.e., jealousy. The multiplicative form on the other hand is not subject to that kind of rigidity; actually it allows to disentangle these concepts.
The coefficients of the characteristic polynomial would thence reformulate to:
The analysis
It is noticed that D does not depend on the elasticity of substitution between capital and labour, i.e., σ. In accordance with the earlier approach and selecting /σ as the tuning parameter, such a feature will bring about the possibility of a purely geometric argument for appraising the dynamical properties of the model.
The current setting is moreover slightly particular on a formal basis. As a matter of fact, as 
It is further remarked that
and ∆  will locate on the L.H.S. of the critical line (A D C D ) . In parallel to this, it is worth noticing that the benchmark case without productive externality
Finally, notice that, from (5), the comparison with the ordonate of C D will detail as
and hence only depends, the component between square brackets being unambiguously negative, upon ς .
Catching-up with the Joneses: ς > 
In that case and from (9) Assume now that ς > βs/(γ + s). From Figure 10 and as long as ς < , ∆ /σ locates above C D and the qualitative picture reached in the former case is entirely recovered. Oppositely, when ς > , ∆ /σ being now located below C D , a Poincaré-Hopf bifurcation (quasi-periodic equilibria) is bound to occur; and this, even in the absence of capital externality. It is nonetheless worth stressing that the requesite ς > , which is actually equivalent to u cc + u cC > , means that the external influence of the benchmark level of consumption dominates the direct own consumption effect. 7 3.2.2 Running-away from the Joneses: ς <  In this counterpart configuration, D < . In addition and from (12), M > D +  always holds. Assume first that |D| < , i.e., |ς| < βs/(γ + s) on Figure 11 . Here again the requesites for the occurrence of a flip bifurcation remain qualitatively unchanged. A more noticeable feature is rather that there exist admissible values for ς, i.e., values within the currently assumed interval, such that M <  − D. Recalling (5), this indicates that there is a nonempty interval for ς ensuring that ∆ /η will be located between B D and C D .
Therefore, following the same line of arguments as for the flip bifurcation, one concludes that there are consistent parameterisations such that not only both types of bifurcations will exist but, more remarkably, local indeterminacy (a stable steady state) is bound to emerge as the economy passes through the Figure 11 ). 8 7 From the Figures, the flip and saddle-node bifurcations schemes depicted in the first case are both left qualitatively unaltered as M > . 8 As it does not bring any new feature, the last case |D| > , i.e., |ς| > βs/(γ + s) on Figure  11 is not detailed (remark nonetheless that for ς = −, M = −, i.e., the ordinate of A D ). To sum up, the more noticeable results of the above graphical analysis are i) in the Catching-up of the Joneses case, relying upon a strong external effect of the economy's average consumption, the model exhibits deterministic quasiperiodic equilibria; ii) in the Running-away from the Joneses formulation, even for moderate influence of the benchmark level of consumption, not only deterministic quasi-periodic paths may occur, but equilibria may be locally indeterminate, although capital spillovers are required.
A Heterogeneous Agents Economy

The setup
As an another illustration, this section will consider a variation of the heterogeneous agents economy introduced by Woodford [] . The preferences of the capitalists are described by:
and c c t respectively their positive rate of marginal impatience and their consumption at date t ≥  and for u c (·) a continuous concave instantaneous utility function which maps R + into R, is of class C k , k ≥ , over R * + and satisfies the Inada conditions at the origin. These agents maximize the above objective over a constraint set defined from their intertemporal budget constraint:
for m c t ≥  and K c t ≥  the respective nominal money balances and capital stock held by capitalists at the beginning of period t, p t the price of the produced good, r t the real return on capital and δ ∈ ], ] the depreciation rate of the capital stock. The subsequent analysis will focus on equilibria along which m c t =  and K c t > . The latters are thus characterised by the holding of:
for R t := r t +  − δ.
In parallel to this, wage-earners instantaneous preferences are represented by a separable utility function u w (c w ) − αv( ), where α ∈ ], ] denotes their common discount rate; c w and respectively label their amounts of consumption and worked hours. It is assumed that both u w (·) and v(·) are increasing maps from R + into R which are C k , k ≥ , over R * + , u(·) and v(·) being respectively strictly concave and convex over that set. Let m w t ≥ 0 and K w t ≥ 0 be, respectively, nominal feature the money balances and capital stock held by workers at the outset of period t. Letting w t denotes the monetary wage, at time t workers face the following constraint set :
Whilst the first relation depicts an usual budget constraint, the second imposes a finance constraint stipulating that labor incomes are not available to finance good expenditures. The focus shall henceforward be placed on equilibria that satisfy K w t = , m w t >  and a bidding finance constraint. The latter are thus characterized by:
Under the gross substitute axiom that ensures the uniform holding of (u w ) (c w )+ c w (u w ) (c w ) > , the equations above actually boil down to:
for U w (c w ) := c w u (c w ) and V ( ) := v ( ).
The unique good can be consumed or accumulated and is produced by a continuum of firms, normalised to one, that act competitively through a common aggregate production function F (K t , L t ), where F (·, ·) satisfies to the same range of standard properties listed in Section 3, the first order conditions of the firm problem being thus
Lastly, noticing that the money market clearing condition writes as w t t = M/p t = c w t , for M the constant level of money supply, it is readily shown that a dynamic equilibrium summarises to an infinite sequence {K t , L t , c c t } +∞ t= for which :
Linearising again the dynamical system in the neighbourhood of the steady state, maintaining the system of notations introduced in Section 3 for the elasticity of substitution between the productive factors, the share of wages, the share of profits, the elasticity of intertemporal substitution of the capitalist but also introducing the elasticity of the reciprocal offer curve of the worker
, from Appendix 3, the coefficients of the third order associated characteristic polynomial write down as :
The analysis
The most noticeable feature of (19) is that the coefficient D does not depend upon the elasticity of intertemporal substitution of capitalists, i.e., η. Thus, selecting η as the tuning parameter, it brings about the possibility of a purely geometric argument for appraising the dynamical properties of the model.
It is first noticed that
being constant terms, the curve ∆ η , η ∈ [, +∞), simplifies to a straight-line with slope:
A further nice property that holds whatever the parameterisation considered is related to the origin of the straight-line ∆ η . As a matter of fact, since
A gross substitutablity axiom along ε >  shall overall be imposed on workers preferences. In parallel to this, solely reasonable orders on factors substitutability shall be considered throughout, hence σ > s. 9 This latter assumption entails that T >  and M > . Along Section 3, a geometrical approach starts by locating the plane over which it will be undertaken that in turn implies to position D with respect to − and +. Firstly remarking that
two cases have to be considered.
Case 1 β ( − s) < s. In that case,D >  and D >  whatever the value of ε. As ∆ >  and from Figure 12 , any scope for a Poincaré-Hopf bifurcation is ruled out. The origin of the straight-line ∆ η being located on (AC), it is characterised by the holding of the following relationship.
its ordonate being given by :
The discussion shall be organised around the dependency of the location of M () with respect to σ -restricted to ]s, +∞) -and thus based upon a notation M (; σ).
(b) if σ > σ F , the system is locally determinate ;
Case 2 β ( − s) > s. In this outstanding configuration, the most significant case turns out to be D ∈ ], [ -the occurrence of D >  essentially brings back the argument to the one developed in Case 1. This requires :
denote the minimal and maximal admissible values for σ, the main argument will anew be organised around the position of ∆  with respect to σ and ε.
As this is illustrated on Figure 14 
a straightforward line of computations indicates the status of the lower boundary of the range of admissible values for σ :
The upper boundaryσ is more difficult to deal with. Noticing however that Indeed,
The numerator being a polynomial in ε that reformulates along
its roots ε  , ε  satisfy ε  · ε  =  and ε  + ε  <  that readily implies the satisfaction of P(ε) >  for every ε > . Whence :
 + M (,σ) >  for any ε > .
Then pursuing a similar class of concerns for the value of M associated with Since is it readily checked that
this in turn impliesε <ε. In the same vein, aŝ
-for σ ∈ ]σ F ,σ[, the system starts into an area with a degree of indeterminacy of two, then undergoes a Poincaré-Hopf bifurcation and finally exhibits local determinacy.
It should be stressed that the illustration of this configuration through Figure   14 is not the sole one that fits ε < ε. The occurrence of σ PH < σ < σ F would equally be admissible. The transposition of the preceding typology being however straightforward, it will not be detailed further. Finally, it should be stressed that, although this proceeds from a boundary argument, the proof that this parameters configuration is non-empty is trivial as it embeds ε = . M and D in the main text are straighforwardly derived by noticing that they respectively correspond to J  + J  , J  J  − J  J  − J  and −J  J  .
Derivation of the Coefficients of the Characteristic Polynomial
Omitting arguments, a linear approximation of the dynamical system at the steady state delivers:
Letting
and noticing that −KF KK /F K = ( − s)/σ, −LF LL /F L = s/σ the earlier system restates, for : = β − −  + δ, as:
It is finally straightforward to recover the expression (19) of the main text.
